Often, in solving an elliptic equation with Neumann boundary conditions, a compatibility condition has to be imposed for well-posedness. This condition involves integrals of the forcing function. When pseudospectral Chebyshev methods are used to discretize the partial differential equation, these integrals have to be approximated by an appropriate quadrature formula. The GaussChebyshev (or any variant of it, like the Gauss-Lobatto) formula cannot be used here since the integrals under consideration do not include the weight function. A natural candidate to be used in approximating the integrals is the Clenshaw-Curtis formula; however, we show in this article that this is the wrong choice and it may lead to divergence if time-dependent methods are used to march the solution to steady state. We develop, in this paper, the correct quadrature formula for these problems. This formula takes into account the degree of the polynomials involved. We show that this formula leads to a wellconditioned Chebyshev approximation to the differential equations and that the compatibility condition is automatically satisfied.
INTRODUCTION
We deal here with a problem encountered in the solution via Chebyshev spectral collocation discretization of the Poisson equation with homogeneous Neumann boundary conditions. The problem arose in the context of solution of the pressure Poisson equation in a time-split algorithm for the incompressible Navier-Stokes equations. For this problem to be well posed, the source term must satisfy a compatibility condition; the numerical analog of this condition using straightforward Clenshaw-Curtis quadrature formulas was found to be numerically ill conditioned and produced large distortions in the spectral solution.
In Sec. 2, we outline the time-split algorithm and describe the difficulty encountered; we proceed in Secs. 3 and 4 to analyze the difficulty, first in terms of an equivalent parabolic equation, which would be utilized, for instance, in the iterative solution of the Poisson equation of interest, then in terms of the steady equation itself. The proper quadrature formula is also developed, which alleviates the numerical difficulty. In Sec. 5 we show numerical examples to demonstrate the numerical inconsistency and its resolution.
TIME-SPLIT ALGORITHM
A splitting method is employed in many simulations to advance the solution of the incompressible Navier-Stokes equations from time t n to :+1. Writing the Navier-Stokes equations in vector notation, with u representing the velocity (u, v, w) we have The intermediate boundary condition u*= g* is discussed in Canuto et al. (1987) . Finally, the solution is advanced from u* to u "+1 via
on F where h is the unit normal to the boundary F. Note that the final, "pressure correction" step by itself is a set of inviseid equations, and is well posed V.u=0 (2.1b)
